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SOME PROPERTIES OF FACTOR SET IN REGULAR HOM-LIE ALGEBRAS
RUDRA NARAYAN PADHAN, NUPUR NANDI, AND K. C PATI
Abstract. In this paper, we give the definition of isoclinism for regular Hom-Lie algebras and
verify some of its properties. Finally, we introduce the factor set and show that the isoclinism and
isomorphism of two finite same dimensional regular Hom-Lie algebras are equivalent.
1. Introduction
Hom-Lie algebras have been investigated widely for the last few years. Actually, the Hom-
Lie algebras were first studied by Hartwig, Larsson and Silvestrov in [4] as part of a study of
deformations of the Witt and the Virasoro algebras. There were some successive contributions on
Hom-Lie algebras in [1,2,8]. A Hom-Lie algebra is a triple (V, [., .], ϕ) in which the bracket satisfies
a twisted Jacobi identity along the linear map ϕ. It should be pointed out that Lie algebras form
a particular case of Hom-Lie algebras, i.e. when ϕ equals to the identity map.
Philip Hall introduced isoclinism for groups in 1940. Then in 1994 Kay Moneyhun derived a
its Lie algebra version [5,6]. The concept of factor set plays a dominant role in the studies of
isoclinism, e.g. in finite dimensional case, isoclinism and isomorphism are equivalent. Thus we
wonder whether the same is true for Hom-Lie algebras or not, but eventually the answer is yes for
regular Hom-Lie algebras. Although the ideas followed the work [5,7,9], several important results
pertaining particularly to the case of regular Hom-Lie algebras are proved. In future, we hope
these results would be helpful to study the stem cover and Schur multiplier of Hom-Lie algebras.
Already some works have been done for central extension and Cohomology on Hom-Lie algebras
[11,12]. Thus it will be of most interest to extend Lie algebras results to that of regular Hom-Lie
algebras.
Throughout this paper all algebras and vector spaces are considered over F, a field of character-
istic 0.
Definition 1.1. A Hom-Lie algebra is a triple (V, [., .], ϕ) consisting of a vector space V , a skew-
bilinear map [., .] : V × V → V and a linear map ϕ : V → V that satisfies Hom-Jacobi identity
i.e.
[ϕ(v1), [v2, v3]] + [ϕ(v2), [v3, v1]] + [ϕ(v3), [v1, v2]] = 0, ∀ v1, v2, v3 ∈ V
Let (V, [., .], ϕ) be a Hom-Lie algebra. A Hom-Lie subalgebra of (V, [., .], ϕ) is a vector subspace W
of V , which is closed by the bracket and is invarient by ϕ, i.e.
(1) [w1, w2] ∈W ∀ w1, w2 ∈W
(2) ϕ(w) ⊆W ∀ w ∈W
A Hom-Lie subalgebra of (V, [., .], ϕ) is said to be a ideal if [w, v] ∈W for all w ∈W,v ∈ V .
The centre of a Hom-Lie algebra (V, [., .], ϕ) is defined by
Z(V ) = {x ∈ V : [x, v] = 0 ∀ v ∈ V }.
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An abelian Hom-Lie algebra is a vector space V endowed with trivial bracket and any linear map
ϕ : V → V .
A Hom-Lie algebra (V, [., .], ϕ) is said to be multiplicative if ϕ([v1, v2]) = [ϕ(v1), ϕ(v2)] for all
v1, v2 ∈ V . A multiplicative Hom-Lie algebra (V, [., .], ϕ) is said to be regular if ϕ is bijective. It
should be noted that Z(V ) is not always an ideal of (V, [., .], ϕ).
Lemma 1.2. If (V, [., .], ϕ) is regular Hom-Lie algebra, then Z(V ) is an ideal of V .
Proof. Let x ∈ Z(V ), then for any v ∈ V there exists v′ ∈ V such that ϕ(v′) = v. Now
[ϕ(x), v] = [ϕ(x), ϕ(v′)] = ϕ[x, v′] = 0,
which implies ϕ(x) ∈ Z(V ). Also for x, y ∈ Z(V ), then
[[x, y], v] = [[x, y], ϕ(v′)] = −[[y, v′], ϕ(x)] − [[v′, x], ϕ(y)] = 0.
Thus, [x, y] ∈ Z(V ) and Z(V ) is an ideal.

The derived subalgebra of a Hom-Lie algebra (V, [., .], ϕ) is the subspace of V generated by the
elements of the form [v1, v2] with v1, v2 ∈ V and we denoted it by V
′. A regular Hom-Lie algebra
(V, [., .], ϕ) is called stem Hom-Lie algebra whenever Z(V ) ⊆ V ′.
Definition 1.3. Let (V, [., .]1, ϕ1) and (W, [., .]2, ϕ2) be two Hom-Lie algebras. A linear map f :
V → W is a Hom-Lie algebra morphism if for all v1, v2 ∈ V , f([v1, v2]1) = [f(v1), f(v2)]2 and
f ◦ ϕ1 = ϕ2 ◦ f . In other words, the following diagram commutes:
V
V
W
W
f
ϕ1
f
ϕ2
In particular, they are isomorphic if f is a bijective linear map.
Lemma 1.4. Let f : (V, [., .]1, ϕ1) −→ (W, [., .]2, ϕ2) be an isomorphism. If (V, [., .]1, ϕ1) is regular,
then (W, [., .]2, ϕ2) is also.
Proof. Let w1, w2 ∈ W , then there exists v1, v2 ∈ V such that f(v1) = w1, f(v2) = w2. Together
with fϕ1 = ϕ2f and ϕ1 is regular , we have
ϕ2[w1, w2]2 = ϕ2([f(v1), f(v2)]2) = ϕ2f([v1, v2]1) = fϕ1([v1, v2]1) = f([ϕ1(v1), ϕ1(v2)]1) = [fϕ1(v1), fϕ1(v2)]2
= [ϕ2f(v1), ϕ2f(v2)]2 = [ϕ2(w1), ϕ2(w2)]2.
Now f and ϕ are bijective, therefore ϕ2 . Thus, (W, [., .], ϕ2) is regular. 
For any ideal I of (V, [., .], ϕ), we can naturally define the quotient Hom-Lie algebra on the
quotient vector space V/I by defining; [., .] : V/I × V/I −→ V/I by
[v1, v2] = [v1, v2], ∀ v1, v2 ∈ V/I
and ϕ˜ : V/I → V/I is naturally induced by ϕ i.e.
ϕ˜(v) = ϕ(v) + I.
Then with this skew-bilinear and linear map, (V/I, [., .], ϕ˜) is a Hom-Lie algebra and we called it
the quotient Hom-Lie algebra.
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Let (V, [., .]1, ϕ1) and (W, [., .]2, ϕ2) be two Hom-Lie algebras. Then we can define the direct sum
of these Hom-Lie algebras by defining;
[(v1, w1), (v2, w2)] := ([v1, v2], [w1, w2])
and ψ : V ⊕W −→ V ⊕W by
ψ(v,w) = (ϕ1(v), ϕ2(w)).
Then (V ⊕W, [., .], ψ) is a Hom-Lie algebra.
In section-2, the definition of isoclinism is given and we prove some of its properties for regular
Hom-Lie algebra. In section-3, we introduce factor set in regular Hom-Lie algebra. Moreover, we
show the existence of factor set for any regular Hom-Lie algebra and prove that the two finite
dimensional regular Hom-Lie algebras are isoclinic if and only if they are isomorphic.
2. Isoclinism
We can only define the isoclinism for regular Hom-Lie algebra as isoclinism can not be defined
for an arbitrary Hom-Lie algebra. We shall like to mention for Hom-Lie algebra which is not a
regular one, Z(V ) will not be an ideal of V and we can not define a quotient algebra V/Z(V ) which
is required for the definition of isoclinism.
Definition 2.1. Let (V, [., .]1, ϕ1) and (W, [., .]2, ϕ2) be two regular Hom-Lie algebras, α :
V
Z(V ) −→
W
Z(W ) and β : V
′ −→ W ′ be Hom-Lie algebra homomorphisms such that the following diagram is
commutative,
V
Z(V ) ×
V
Z(V )
W
Z(W ) ×
W
Z(W )
V ′
W ′
µ
α2
ρ
β
where µ((v1, v2)) := [v1, v2]1 for v1, v2 ∈ V and similarly ρ((w1, w2)) := [w1, w2]2 where w1, w2 ∈W .
Then the pair (α, β) is called homoclinism and if they are both isomorphisms, then (α, β) is called
isoclinism.
If (α, β) is an isoclinism between (V, [., .]1, ϕ1) and (W, [., .]2, ϕ2), then (V, [., .]1, ϕ1) and (W, [., .]2, ϕ2)
are said to be isoclinic, which is denoted by V ∼ W . We observe that isoclinism is an equivalence
relation.
Lemma 2.2. If (V, [., .]1, ϕ1) is a regular Hom-Lie algebra and (W, [., .]2, ϕ2) be an abelian Hom-Lie
algebra, then V ∼ V ⊕W .
Proof. Let (V ⊕W,ψ) be the Hom-Lie algebra. As W is abelian, Z(V ⊕W ) = Z(V ) ⊕W . Then
( V⊕W
Z(V )⊕W , ψ˜) and (V/Z(V ), ϕ˜1) are the quotient Hom-Lie algebra. Define the map
α :
V
Z(V )
→
V ⊕W
Z(V )⊕W
by
v + Z(V )→ (v, 0) + (Z(V )⊕W )
for all v ∈ V . It is easy to verify that α is well defined bijection map and for v1, v2 ∈ V , α([v1 +
Z(V ), v2 +Z(V )]) = [α(v1 +Z(V )), α(v2 +Z(V ))] holds, implies that α is a homomorphism. Also
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we will check now that αϕ˜1 = ψ˜α, i.e.
αϕ˜1(v) = α(ϕ(v) + Z(V )) = (ϕ(v), 0) + (Z(V )⊕W ) = ψ˜((v, 0) + (Z(V )⊕W ) = ψ˜α(v).
Also if we consider the identity map β : V ′ → (V ⊕W )′ = V ′, then we get the desired results .

We list some results whose proof are all most similar, one can find the proofs in the following
papers [5,9].
Lemma 2.3. Let (V, [., .], ϕ) be a Hom-Lie algebra and I be an ideal. Then V/I ∼ V/(I ∩ V ′). In
particular, if I ∩ V ′ = 0 then V ∼ V/I. Conversely if V ′ is finite dimensional and V ∼ V/I then
I ∩ V ′ = 0.
Corollary 2.4. Let (V, [., .]1, ϕ1) and (W, [., .]2, ϕ2) be two Hom-Lie algebras. If f : V → W is an
onto homomorphism such that Ker(f) ∩ V ′ = 0, then f induces a isoclinism between V and W .
Lemma 2.5. Suppose C is a isoclinic family of regular Hom-Lie algebas. Then
(1) C contains a stem Hom-Lie algebra.
(2) Each finite dimensional regular Hom-Lie algebra T ∈ C is stem if and only if T has minimal
dimension in C.
Lemma 2.6. Let the pair (α, β) be isoclinism of regular Hom-Lie algebras (V, [., .]1, ϕ1) and (W, [., .]2, ϕ2).
Then the following statements hold:
(1) α(v + Z(V )) = β(v) + Z(W );
(2) β([v1, v2]) = [β(v1), v3], for all v1 ∈ V
′, v2 ∈ V and v3 + Z(W ) = α(v2 + Z(L)).
Lemma 2.7. Let (V, [., .], ϕ) be a regular Hom-Lie algebra and V = U ⊕ Z(V ), then ϕ(U) ⊆ U .
Proof. Suppose ϕ(u) ∈ Z(V ) for some 0 6= u ∈ U . Then for every y ∈ V there exist x ∈ V such
that ϕ(x) = y. Thus
0 = [ϕ(u), y] = [ϕ(u), ϕ(x)] = ϕ[u, x].
Since ϕ is injective, [u, x] = 0 for all x ∈ V . Thus u ∈ Z(V ), which is not true. Therefore
ϕ(u) ∈ U . 
3. Factor set in hom-Lie algebras
From onwards we denote a Hom-Lie algebra by (V, ϕ). We have seen in Lemma 1.2 that Z(V ) is
an ideal if (V, ϕ) is regular, because of this result factor set can be studied only for regular Hom-Lie
algebras.
Definition 3.1. Let (V, ϕ) be a finite dimensional regular Hom-Lie algebra. A skew-bilinear map;
r : V/Z(V )× V/Z(V ) −→ Z(V )
is said to be a factor set if for all v1, v2, v3 ∈ V/Z(V ),
r([v1, v2], ϕ˜(v3)) + r([v2, v3], ϕ˜(v1)) + r([v3, v1], ϕ˜(v2)) = 0.
Where ϕ˜ : V/Z(V ) → V/Z(V ) defined by ϕ˜(v) := ϕ(v) + Z(V ). The factor set r is said to be
multiplicative if
r(ϕ˜(v1), ϕ˜(v2)) = ϕr(v1, v2) ∀ v1, v2 ∈ V/Z(V ).
The next Lemma tells us that we can always construct a new Hom-Lie algebra from a given
regular Hom-Lie algebra and a factor set on it. The below Lemma is the one of the important main
tool of this paper.
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Lemma 3.2. Let (V, ϕ) be a regular Hom-Lie algebra and r be a factor set on (V, ϕ), we define a
set
R = (Z(V ), V/Z(V ), r) = {(x, v) : x ∈ Z(V ), v ∈ V/Z(V )}.
Then
(1) (R,ψ) is a Hom-Lie algebra under the component-wise addition and the skew-bilinear map
defined by
[(x1, v1), (x2, v2)] := (r(v1, v2), [v1, v2]) ∀(x1, v1), (x2, v2) ∈ R;
and the linear map ψ : R→ R is given by
ψ((x, v)) := (ϕ(x), ϕ˜(v)) ∀ (x, v) ∈ R.
(2) If r is multiplicative, then (R,ψ) is regular.
(3) ZR = {(x, 0) ∈ R : x ∈ Z(V )} ∼= Z(V ).
Proof. Clearly [., .] is a well-defined skew-bilinear map. We will verify only the Hom-Jacobi identity.
Consider
[[(x1, v1), (x2, v2)], ψ(x3, v3)] + [[(x2, v2), (x3, v3)], ψ(x1, v1)] + [[(x3, v3), (x1, v1)], ψ(x2, v2)]
= [(r(v1, v2), [v1, v2]), (ϕ(x3), ϕ˜(v3))] + [(r(v2, v3), [v2, v3]), (ϕ(x1), ϕ˜(v1))] + [(r(v3, v1), [v3, v1]), (ϕ(x2), ϕ˜(v2))]
= (r([v1, v2], ϕ˜(v3)), [[v1, v2], ϕ˜(v3)]) + (r([v2, v3], ϕ˜(v1)), [[v2, v3], ϕ˜(v1)]) + (r([v3, v1], ϕ˜(v2)), [[v3, v1], ϕ˜(v2)])
=
(
r([v1, v2], ϕ˜(v3)) + r([v2, v3], ϕ˜(v1)) + r([v3, v1], ϕ˜(v2)), [[v1, v2], ϕ˜(v3)] + [[v2, v3], ϕ˜(v1)] + [[v3, v1], ϕ˜(v2)]
)
= (0, 0).
Thus (R,ψ) is a Hom-Lie algebra. Now assume that r is multiplicative. Then in one hand
ψ([(x1, v1), (x2, v2)]) = ψ(r(v1, v2), [v1, v2]) = (ϕr(v1, v2), ϕ˜[v1, v2]).
On the other side
[ψ(x1, v1), ψ(x2, v2)] = ψ[(ϕ(x1), ϕ˜(v1)), (ϕ(x2), ϕ˜(v2))] = (r(ϕ˜(v1), ϕ˜(v2)), [ϕ˜(v1), ϕ˜(v2)]).
Since (V/Z(V ), ϕ˜) is multiplicative, therefore (R,ψ) also.

Naturally we can think for the existence of the factor set of a given regular Hom-Lie algebra and
the connection between them.
Lemma 3.3. For a regular Hom-Lie algebra (V, ϕ) there exist a factor set r such that
(V, ϕ) ∼= (R,ψ).
Proof. Let V = U ⊕ Z(V ). Let us define f : V/Z(V ) → V by f(v) = f(v + Z(V )) = f(u + z +
Z(V )) = u, for all v ∈ V/Z(V ) and u ∈ U and z ∈ Z(V ). It is easy to see that f is a well-defined
linear map. Also for v1 = u1 + z1, v2 = u2 + z2, consider [v1, v2] = [k, k
′] + Z(V ). Then
[f(v1), f(v2)]− f [v1, v2] + Z(V ) = [u1, u2]− f([u1, u2]) + Z(V )
= [u1, u2]− f([u1, u2]) = 0 + Z(V ).
Thus [f(v1), f(v2)] − f [v1, v2] ∈ Z(V ). Now define r : V/Z(V )× V/Z(V ) −→ Z(V ) which is given
by
r(v1, v2) = [f(u1), f(u2)]− f [u1, u2].
At first observe that r is a skew-bilinear map. Now to check Hom-Jacobi identity we will first prove
fϕ˜(v) = ϕf(v) for all v ∈ V/Z(V ). By Lemma 2.7, we have
fϕ˜(v) = fϕ˜(u+ z + Z(V )) = f(ϕ(u) + Z(V )) = ϕ(u)
6 PADHAN, NANDI, AND PATI
On the other side
ϕf(v) = ϕ(f(u+ z + Z(V ))) = ϕ(u).
Consider
r([v1, v2], ϕ˜(v3)) = [f([v1, v2]), f ϕ˜(v3)]− f [[v1, v2], ϕ˜(v3)]
= [[f(v1), f(v2)] + z, ϕf(v3)]− f [[v1, v2], ϕ˜(v3)]
= −[[f(v2), f(v3)], ϕf(v1)]− [[f(v3), f(v1)], ϕf(v2)] + f([[v2, v3], ϕ˜(v1)] + f [[v3, v1], ϕ˜(v2)])
= −[[f(v2), f(v3)], f ϕ˜(v1)]− [[f(v3), f(v1)], f ϕ˜(v2)] + f([[v2, v3], ϕ˜(v1)]) + f([[v3, v1], ϕ˜(v2)])
= −r([v2, v3], ϕ˜(v1))− r([v3, v1], ϕ˜(v2)).
for all v1, v2, v3 ∈ V/Z(V ). Denote (Z(V ), V/Z(V ), r) = R. Define θ : (Z(V ), V/Z(V ), r)→ V by
θ(x, v) = x+ f(v) ∀ x ∈ Z(V ), v ∈ V/Z(V ).
Evidently θ is well-defined bijective linear map and also θ([(x1, v1), (x2, v2)]) = [θ(x1, v1), θ(x2, v2)].
Also
ϕθ(x, v) = ϕ(x+ f(v)) = ϕ(x+ u);
and
θψ(x, v) = θ(ϕ(x), ϕ˜(v)) = ϕ(x) + f(ϕ(u) + Z(V )) = ϕ(x) + ϕ(u),
where v = u+ z, u ∈ U, z ∈ Z(V ). Thus θ is the required isomorphism. 
If (V, ϕ1) and (W,ϕ2) are two isoclinic stem Hom-Lie algebras, then the next Lemma gives the
connection between (W,ϕ2) and a new Hom-Lie algebra constructed from the factor set of (V, ϕ1).
Lemma 3.4. Let (V, ϕ1) be a stem Hom-Lie algebra in an isoclinism family of regular Hom-Lie
algebras C. Then for any stem Hom-Lie algebra (W,ϕ2) of C, there exists a factor set r over (V, ϕ1)
such that W ∼= (Z(V ), V/Z(V ), r).
Proof. Let the pair (α, β) be isoclinism of regular Hom-Lie algebras (V, ϕ1) and (W,ϕ2), then by
Lemma 2.6 θ(Z(V )) = Z(W ). By virtue of Lemma 3.3, there exists a factor set s such that
W ∼= (Z(W ),W/Z(W ), s). If we define r : V/Z(V )× V/Z(V ) −→ Z(V ) by
r(v1, v2) = θ
−1(s(α(v1), α(v2))) ∀ v1, v2 ∈ V/Z(V ),
then r is a skew-bilinear map. Also, since α is an isomorphism i.e. αϕ˜1 = ϕ˜2α. Thus
r([v1, v2], ϕ˜1(v3))
= θ−1(s(α([v1, v2]), αϕ˜1(v3)))
= θ−1(s([α(v1), α(v2)]), ϕ˜2α(v3)))
= −θ−1(s([α(v2), α(v3)]), ϕ˜2α(v1)))− θ
−1(s([α(v3), α(v1)]), ϕ˜2α(v2)))
= −r([v2, v3], ϕ˜1(v1))− r([v3, v1], ϕ˜1(v2)).
Thus (Z(V ), V/Z(V ), r) is a factor set. Let us denoteR = (Z(V ), V/Z(V ), r) and S = (Z(W ),W/Z(W ), s).
Then by Lemma 3.2 (R,ψ1) and (S,ψ2) are Hom-Lie algebras. Let us define the map η, from the
map α and β, i.e. η : (Z(V ), V/Z(V ), r) −→ (Z(W ),W/Z(W ), s) by
η(x, v) = (β(x), α(v)),
which is clearly a bijective linear map with η([(x, v1), (y, v2)]) = [η(x, v1), η(y, v2)]. Also
ηψ1(x, v) = η(ϕ1(x), ϕ˜1(v)) = (βϕ1(x), αϕ˜1(v)),
and
ψ2η(x, v) = ψ2(β(x), α(v)) = (ϕ2β(x), ϕ˜2α(v)).
Since α and β are isomorphism, we have ψ1η = ηψ2. Hence, η is an isomorphism and W ∼=
(Z(V ), V/Z(V ), r). 
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Lemma 3.5. Let (V, ϕ) be a regular Hom-Lie algebra, r and s be two multiplicative factor sets
over (V, ϕ). Assume that
R = (Z(V ), L/Z(V ), r), ZR = {(x, 0) ∈ R : x ∈ Z(V )} ∼= Z(V ),
S = (Z(V ), V/Z(V ), s), ZS = {(x, 0) ∈ S : x ∈ Z(V )} ∼= Z(V ).
Let η is an isomorphism from R to S satisfying η(ZR) = ZS, then the restriction of η on V/Z(V )
and Z(V ) define the automorphisms µ ∈ Aut(V/Z(V )) and ν ∈ Aut(Z(V )), respectively.
Proof. By Lemma 3.2 (R,ψ) and (S,ψ) are regular Hom-Lie algebras. Thus we can define the
quotient Hom-Lie algebra, as Z(R) = ZR and Z(S) = ZS . Since η is an isomorphism and
η(ZR) = ZS , then map η : (R/ZR, ψ1) −→ (S/ZS , ψ2) given by η((x, v) + ZR) = η(x, v) + ZS
is an isomorphism, where ψ1 : R/ZR → R/ZR and ψ2 : S/ZS → S/ZS are linear map defined as
ψ1((x, v)+ZR) = ψ(x, v)+ZR and ψ2((x, v)+ZS) = ψ(x, v)+ZS respectively. Define µ such that
the following diagram is commutative;
V/Z(V )
R/ZR
V/Z(V )
S/ZS
µ
λ1
η
λ2
where λ1 and λ2 are projection map, i.e. λ1(v) = (0, v) + ZR and λ2(v) = (0, v) + ZS . Thus
η(0, v) + ZS = (0, µ(v)) + ZS for all v ∈ V/Z(V ).
Now
(0, µϕ˜(v)) + ZS = η(0, ϕ(v) + Z(V )) + ZS = ηψ(0, v) + ZS .
Also on the another side
(0, ϕ˜µ(v)) + ZS = ψ(0, µ(v)) + ZS = ψ(η(0, v) + x) + ZS = ψη(0, v) + ψ(x) + ZS = ψη(0, v) + ZS ,
where x ∈ ZS . Since η is an automorphism i.e. ηψ = ψη and λ2 is injective, we have
(0, µϕ˜(v)) + ZS = (0, ϕ˜µ(v)) + ZS
⇒ λ2(µϕ˜(v)) = λ2(ϕ˜µ(v))
⇒ µϕ˜(v) = ϕ˜µ(v)
Certainly µ is bijective and µ([v1, v2]) = [µ(v1), µ(v2)]. Thus µ is an automorphism. Consider the
map η˜ : ZR −→ ZS is defined as η˜(x, 0) = η(x, 0) for all x ∈ Z(V ), is an isomorphism. Define ν in
such a way that the following diagram is commutative;
Z(V )
ZR
Z(V )
ZS
ν
λ1
η˜
λ2
where λ1 and λ2 are projection map and η(x, 0) = (ν(x), 0) for all x ∈ Z(V ). One can easily verify
that ν is an automorphism. 
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Lemma 3.6. Let (V, ϕ) be a regular Hom-Lie algebra and (R,ψ), (S,ψ), ZR and ZS be as in the
previous Lemma.
(1) Consider η : R −→ S is a Hom-Lie algebra isomorphism such that η(ZR) = ZS. Let
µ ∈ Aut(V/Z(V )) and ν ∈ Aut(Z(V )) be the automorphisms induced by η. Then there
exists a linear map, γ : V/Z(V ) −→ Z(V ) such that,
ν(r(v1, v2) + γ[v1, v2]) = s(µ(v1), µ(v2)).
(2) If µ ∈ Aut(V/Z(V )), ν ∈ Aut(Z(V )) and δ : V/Z(V ) −→ Z(V ) is a linear map such that
ν(r(v1, v2) + δ[v1, v2]) = s(µ(v1), µ(v2)), δϕ˜ = ϕδ.
Then there exists an isomorphism η : R −→ S which is induced by µ and ν satisfying
η(ZR) = ZS.
Proof. The proof of the first assertion is similar to [10, Lemma 3.6]. In the second assertion, we
will proof the only commutative property of η, where η : R −→ S is given by
η(x, v) = (ν(x) + δ(v), µ(v)).
In one hand
ηψ(x, v) = η(ϕ(x), ϕ˜(v)) = (νϕ(x) + δϕ˜(v), µϕ˜(v)).
On the other hand
ψη(x, v) = ψ(ν(x) + δ(v), µ(v)) = (ϕν(x) + ϕδ(v), ϕ˜µ(v)).
Since µ and ν are automorphisms and δϕ˜ = ϕδ, then ηψ = ψη. 
Theorem 3.7. Let (V, ϕ1) and (W,ϕ2) be two finite dimensional stem Hom-Lie algebras. Then
V ∼W if and only if V ∼=W .
Proof. Suppose V ∼ W . By Lemma 3.3 and Lemma 3.4 we have, V ∼= (Z(V ), V
Z(V ) , r) = R and
also W ∼= (Z(V ), V
Z(V ) , s) = S. Since (V, ϕ1) and (W,ϕ2) are regular, then Lemma 1.4 tells us that
(R,ψ1) and (S,ψ2) are also regular. Now let (α, β) be the isoclinism between the regular Hom-Lie
algebras (R,ψ1) and (S,ψ2). Certainly ZR = Z(R) and ZS = Z(S).
Let the map µ ∈ Aut(V/Z(V )), be defined by α((0, v)+ZR) = (0, µ(v))+ZS , for all v ∈ V/Z(V ).
Let us consider the following commutative diagram;
V
Z(V ) ×
V
Z(V )
R
ZR
× R
ZR
R′
V
Z(V ) ×
V
Z(V )
S
ZS
× S
ZS
S′
ρ θ
σ ξ
µ2 α2 β
in which
ρ(v1, v2) = ((0, v1) + ZR, (0, v2) + ZR),
σ(v1, v2) = ((0, v1) + ZS, (0, v2) + ZS),
ξ((x1, v1) + ZS, (x2, v2) + ZS) = [(x1, v1), (x2, v2)] = (s(v1, v2), [v1, v2]),
θ((x1, v1) + ZR, (x2, v2) + ZR) = (r(v1, v2), [v1, v2]).
Again let ν ∈ Aut(Z(L)) be defined by β(x, 0) = (ν(x), 0), for all x ∈ Z(L). Now for v1, v2 ∈
V/Z(V ), consider
βθ((0, v1) + ZR, (0, v2) + ZR) = β[(0, v1), (0, v2)]
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and further
ξα((0, v1) + ZR, (0, v2) + ZR) = ξ((0, µ(v1)) + ZS , (0, µ(v2)) + ZS)
= [(0, µ(v1)), (0, µ(v2))]
= (s((µ(v1), µ(v2)), [µ(v1), µ(v2)]).
Hence, we have β[(0, v1), (0, v2)] = (s((µ(v1), µ(v2)), [µ(v1), µ(v2)]). Let us define the map δ :
V ′/Z(V ) −→ Z(V ) such that
β(0, [v1, v2]) = (δ([v1, v2]), t)
where t ∈ V/Z(V ) and thus, we get
ν(r(a, b) + δ([a, b]) = s((µ(a), µ(b)).
To apply Lemma 3.6, we may extend δ to V/Z(V ) by defining 0 on the complement of V
′
/Z(V ) in
V/Z(V ). Now we will show δφ˜ = φδ. We have
(δϕ˜[v1, v2], t1) = β(0, ϕ˜[v1, v2]) = βψ(0, [v1, v2]).
Further ϕ˜ is surjective, i.e. ϕ˜(t) = t2, for any t2 ∈ V/Z(V ). Therefore
(ϕδ[v1, v2], t2) = (ϕδ[v1, v2], ϕ˜(t)) = ψ(δ[v1, v2], t) = ψβ(0, [v1, v2]).
As a result ϕδ(v) = δϕ˜(v) for all v ∈ V ′. Suppose V = V ′⊕U , then define δ to be zero in U . Then
ϕδ(u) = 0 for all u ∈ U . Since ϕ is injective, ϕ(u) ∈ U for u ∈ U , we have
δϕ˜(u) = δ(ϕ(u) + Z(V )) = 0.
Thus δφ˜ = φδ and now we apply Lemma 3.6 to get our results. 
Now with the help of Lemmas, Theorem proved earlier up to this part of the paper we can easily
prove Theorem 3.8 and Theorem 3.9. The proofs of these two Theorems are similar to the proofs
done earlier in [10].
Theorem 3.8. Let C be an isoclinism family of finite dimensional regular Hom-Lie algebras. Then
any V ∈ C can be expressed as V = T ⊕A where T is a stem Hom-Lie algebra and A is some finite
dimensional abelian Hom-Lie algebra.
Theorem 3.9. If (V, ϕ1) and (W,ϕ2) be two regular Hom-Lie algebras with same dimension. Then
V ∼W if and only if V ∼=W .
Below is an example which shows that, two isoclinic regular Hom-Lie algebras of different di-
mensions may not be isomorphic.
Example 3.10. Let (V, ϕ1) be a 3 dimensional regular Hom-Lie algebra with the basis {v1, v2, v3}
and the skew-bilinear map is defined by;
[v1, v2] = v2, [v1, v3] = v3,
and all other commutator relations are zero. The linear map ϕ1 is defined as
ϕ1(v1) = v1, ϕ1(v2) = v3, ϕ1(v3) = v2.
Then V ′ =< v2, v3 > and Z(V ) = 0 and hence, V/Z(V ) ∼= V .
Now, let (W,ϕ2) be a 4 dimensional regular Hom-Lie algebra with the basis {w1, w2, w3, w4} and
the commutator relations are defined by;
[w1, w2] = w2, [w1, w3] = w3,
and all other commutator relations are zero. Also the linear map is given by
ϕ2(w1) = w1, ϕ2(w2) = w3, ϕ2(w3) = w2, ϕ2(w4) = w4.
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Then W ′ =< w2, w3 > and Z(W ) = {w4} and hence, W/Z(W ) = {w1, w2, w3}, where wi =
wi + Z(W ), for i = 1, 2, 3.
It is easy to verify that V ′ ∼=W ′ and V/Z(V ) ∼=W/Z(W ). Hence, one can deduce V ∼W while
dim(V ) 6= dim(W ).
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